We address the issue of reducing the resource required to compute information-theoretic quantum correlation measures like quantum discord and quantum work deficit in two qubits and higher dimensional systems. We provide a mathematical description of determining the quantum correlation measure using a restricted set of local measurements. We show that the computational error caused by the constraint over the complete set of local measurements reduces fast with an increase in the size of the restricted set. We perform quantitative analysis to investigate how the error scales with the system size, taking into account a set of plausible constructions of the constrained set. Carrying out a comparative study, we show that the resource required to optimize quantum work deficit is usually higher than that required for quantum discord. We also demonstrate that minimization of quantum discord and quantum work deficit is easier in the case of two-qubit mixed states of fixed ranks and with positive partial transpose in comparison to the corresponding states having nonpositive partial transpose. For bound entangled states, we show that the error is significantly low when the measurements correspond to the spin observables along the three Cartesian coordinates.
I. INTRODUCTION
Entanglement [1] as a measure of quantum correlations existing between subsystems of a composite quantum system has been shown to be indispensable in performing several quantum information tasks [2, 3] . To deal with challenges such as decoherence due to system-environment interaction, entanglement distillation protocols [4] to purify highly entangled states from a collection of states with relatively low entanglement have also been invented. Parallely, various counter-intuitive findings such as substantial non-classical efficiency of quantum states with vanishingly small entanglement, and locally indistinguishable orthogonal product states [5] [6] [7] have motivated the search for quantum correlations not belonging to the entanglementseparability paradigm. This has led to the possibility of introducing more fine-grained quantum correlation measures than entanglement, such as quantum discord (QD) [8] , quantum work deficit (QWD) [9] , and various 'discordlike' measures [10, 11] , opening up a new direction of research in quantum information theory. Although establishing a link between the measures of quantum correlations belonging to the two different genres has also been tried [12] , a decisive result is yet to be found in the case of mixed bipartite quantum states. Note, however, that all these measures reduce to von Neumann entropy of local density matrix for pure states. In recent years, the interplay between entanglement distillation and quantum correlations such as QD and QWD has been under focus [13] . However, proper understanding of the relation between such measures and distillable as well as bound entanglement [14] [15] [16] [17] [18] [19] [20] ] is yet to be achieved.
There has been a substantial amount of work in determining QD for various classes of bipartite as well as multipartite mixed quantum states [21] [22] [23] . A common observation that stands out from these works is the computational complexity of the task, due to the optimization over a complete set of local measurements involved in its definition [8] . For general quantum states, the optimization is often achieved via numerical techniques. It has recently been shown that the problem of computing quantum discord is NP-complete, thereby making the quantity computationally intractable [24] . The lack of a well-established analytic treatment to determine QD has also restricted the number of experiments in this topic [25] . Despite considerable efforts to analytically determine QD for general two-qubit states [21, 22] , a closed form expression exists only for the Bell diagonal (BD) states [21] .
A number of recent numerical studies have shown that for a large fraction of a very special class of two-qubit states, QD can always be calculated by performing the optimization over only a small subset of the complete set of local projection measurements [26, 27] , thereby reducing the computational difficulty to a great extent. These states are constructed of the three diagonal correlators of the correlation matrix, and any one of the three magnetizations, which is similar for both the qubits. The subset, in the present case, consists of the projection measurements corresponding to the three Pauli matrices, σ x , σ y , and σ z . Curiously, the assumption that QD can be optimized over this subset for the entire class of such states results only in a small absolute error in the case of those states where the assumption is not valid [26, 27] . This property also allows one to determine closed form for QD for the entire class of such two-qubit states within the margin of small absolute error in calculation [26] [27] [28] .
Optimization over such a small subset of the complete set of local projection measurements is logical in the situations where a constraint over the allowed local measurements is at work. The knowledge of such a subset may be important in quantum estimation theory [29] , in relation to quantities that are non-linear functions of the quantum states, such as the QD, where estimation of the parameter values to determine the optimal projection measurement depends on the the number of measurements required to obtain the desired quantity within a manageable range of error. Also, the existence of such subsets has the potential to be operationally as well as energetically advantageous in experimental determination of the QD and similar measures for a given quantum state. However, the investigation of the existence of such special subsets of allowed local projectors in the computation of quantum correlations like QD and QWD, as of now, are confined only to special classes of quantum states in C 2 ⊗ C 2 systems [26] [27] [28] . A natural question that arises is whether such subsets of local projectors can exist for general bipartite quantum states. The possible scaling of the absolute error resulting from the limitation on the number of allowed local projectors in the subset is also an interesting issue.
In this paper, we investigate the issue of simplifying the optimization of quantum correlation measures like QD and QWD in the case of general two-qubit mixed states of different ranks with positive as well as non-positive partial transpose (NPPT) [30] by using a restricted set of local projection measurements. We provide a mathematical description of the optimization of quantum correlation measures over a restricted set of allowed local projection measurements, and discuss the related statistics of computational error. Using a set of plausible definitions of the restricted set, we show that the absolute error, resulting due to the constraint over the set of projectors, dies out considerably fast. Using the scaling of the error with the size of the restricted subset, we demonstrate that even a small number of properly chosen projectors can form a restricted set leading to a very small absolute error, thereby making the computation of quantum correlation measures considerably easier. We also extend the study to the paradigmatic classes of BE states, where the computation of QD and QWD using a special restricted subset is discussed. The results indicate that the error resulting from the restricted measurement in the case of states with positive partial transpose (PPT) is less compared to the states with non-positive partial transpose (NPPT).
The paper is organized as follows. In Sec. II, we provide a mathematical description of the computation of quantum correlation measures by performing the optimization over a constrained set of local projection measurements, defining the corresponding absolute error in calculation. In Sec. III, we discuss a set of constructions of the subset in relation to the statistics of the error for general twoqubit mixed states in the state space. We also discuss a general two-qubit state in the parameter space, and show how symmetry of the state helps in defining the restricted subset. In Sec. IV, the results on the quantum correlations in BE states are presented. Sec. V contains the concluding remarks.
II. DEFINITIONS AND METHODOLOGY
In this section, after presenting an overview of the quantum correlation measures used in this paper, namely, QD and QWD, we introduce the main concepts of the paper, i.e., constrained QD as well as QWD by restricting the optimization over a small subset of the complete set of allowed local measurements. We also discuss the corresponding error generated due to the limitation in measurements.
A. Quantum discord
For a bipartite quantum state ρ AB , the QD is defined as the minimum difference between two inequivalent definitions of the quantum mutual information. While one of them, given by I(ρ AB ) = S (ρ A )+S (ρ B )−S (ρ AB ), can be identified as the "total correlation" of the bipartite quantum system ρ AB [31] , the other definition takes the form J → (ρ AB ) = S (ρ B ) − S (ρ B |ρ A ), which can be argued as a measure of classical correlation [8] . Here, ρ A and ρ B are local density matrices of the subsystems A and B, respectively, S (ρ) = −Tr [ρ log 2 ρ] is the von Neumann entropy of the quantum state ρ, and S(ρ B |ρ A ) = k p k S ρ k AB is the quantum conditional entropy with
and
The subscript '→' implies that the measurement, represented by a complete set of rank-1 projective operators, {Π A k }, is performed locally on the subsystem A, and I B is the identity operator defined over the Hilbert space of the subsystem B. The QD is thus quantified as D = min{I(ρ AB ) − J → (ρ AB )}, where the minimization is performed over the set S C , the class of all complete sets of rank-1 projective operators. One must note here the asymmetry embedded in the definition of the QD over the interchange of the two subsystems, A and B. Throughout this paper, we calculate QD by performing local measurement on the subsystem A.
B. Quantum work deficit
Along with the QD, we also consider the QWD [9] of a quantum state, defined as the difference between the amount of extractable pure states under suitably restricted global and local operations. In the case of a bipartite state ρ AB , the class of global operations, consisting of (i) unitary operations, and (ii) dephasing the bipartite state by a set of projectors, {Π k }, defined on the Hilbert space H of ρ AB , is called "closed operations" (CO) under which the amount of extractable pure states from ρ AB is given by I CO = log 2 dim (H) − S(ρ AB ). And, the class of operations consisting of (i) local unitary operations, (ii) dephasing by local measurement on the subsystem A, and (iii) communicating the dephased subsystem to the other party, B, over a noiseless quantum channel is the class of "closed local operations and classical communication" (CLOCC), under which the extractable amount of pure states is
AB is the average quantum state after the projective measurement {Π A k } has been performed on A, with ρ k AB and p k given by Eqs. (1) and (2), respectively. The minimization in I CLOCC is achieved over S C . The QWD, W , is given by the difference between the quantities I CO (ρ AB ) and I CLOCC (ρ AB ).
C. Constrained Quantum Correlations: Error in Estimation
We now introduce the physical quantity, which will help us to reduce the computational complexity involved in evaluation of QD and QWD. In particular, we consider the bipartite quantum correlations in the scenario where there are restrictions on the complete set of projectors defining the local measurement on one of the subsystems. Let us assume that constraints on the local measurement restrict the class of projection measurements to a subset S E (S E ⊆ S C ), where there are n sets of projection measurements in S E . Performing the optimization only over the set S E , a "constrained" quantum correlation (CQC), Q c , can be defined. We call the subset S E as the "earmarked" set. Let the actual value of a given quantum correlation measure, Q, for a fixed bipartite state, ρ AB , be Q a . If the definition of Q involves a minimization, log 2 d ≥ Q c ≥ Q a , while a maximization in the definition leads to log 2 d ≥ Q a ≥ Q c , where d is the minimum of the dimensions among the two parties making up the bipartite state and where we have assumed that log 2 d is the maximum value of Q a or Q c . For example, one can define the constrained QD (CQD) as
while the constrained QWD (CQWD) is given by
Note that in general, the earmarked sets for QD and QWD, represented by S D E and S W E respectively, may not be identical.
Evidently, the actual projector for which the quantum correlation is optimized may not belong to S E . Therefore, restricting the optimization over the earmarked set gives rise to error in estimation of the value of Q for a fixed quantum state, ρ AB . Let us denote the absolute error occurring due to the optimization over S E , instead of S C , for an arbitrary bipartite state ρ AB , by ε, where
with log 2 d ≥ ε n ≥ 0. We call this error as the "voluntary" error (VE). One must note that the VE depends on the size of the earmarked set, n, as well as the distribution of the elements of S E in the space of projection measurements. When n → ∞, we may (but not necessarily) have S E → S C , resulting in Q c → Q a , whence VE vanishes. However, for a finite value of n, we denote the VE by ε n .
Note that ε n also depends on the actual form of the n projection measurements in S E . If ε = 0 for a quantum state even when the optimization is performed over the set S E , we call the quantum state an "exceptional" state.
III. TWO-QUBIT SYSTEMS
In the case of a C 2 A ⊗ C 2 B system where each of the subsystems consists of a single qubit only, the rank-1 projection measurements are of the form {Π A k = U |k k|U † , |k = |0 , |1 }, where U , a local unitary operator in SU (2), can be parametrized using two real parameters, θ, and φ, as
Here, 0 ≤ θ ≤ π, 0 ≤ φ < 2π, and {|0 , |1 } denotes the computational basis in C 2 . Note that θ and φ can be identified as the azimuthal and the polar angles, respectively, in the Bloch sphere representation of a qubit. Let us define a parameter transformation, f θ = cos θ, so that −1 ≤ f θ ≤ 1. Here and throughout this paper, whenever we need to perform an optimization over all rank-1 projection measurements on a qubit to evaluate a given quantum correlation, Q, we choose the parameters f θ and φ uniformly in [−1, 1] and [0, 2π] respectively. An earmarked set, in the present case, is equivalent to a subset of the complete set of allowed values of f θ and φ.
A. Mixed states with different ranks
First, we discuss the case of general two-qubit mixed states of different ranks. As described above, an optimal set of (f θ , φ) values define the optimal projection measurement for the computation of the fixed quantum correlation measure, Q. Let us consider the probability, p r , that the optimal values of the real parameters, f θ and φ, for a fixed measure of quantum correlation, Q, of a randomly chosen two-qubit mixed state of rank r, lie in (f θ , f θ + df θ ), and (φ, φ + dφ), respectively. The fact that the real parameters, f θ and φ, are independent of each other suggests that
which allows one to investigate the two probability density functions (PDFs), P 1 r (f θ ), and P 2 r (φ), independently. Here, P 1 r (f θ )df θ denotes the probability that irrespective of the optimal value of φ, the optimal value of f θ lies between f θ and f θ + df θ for the fixed quantum correlation measure, Q, calculated for a two-qubit mixed quantum state of rank r. A similar definition holds for the probability P 2 r (φ)dφ also. In the case of two-qubit systems, an uniform distribution of the projection measurements in the measurement space corresponds to the uniform distribution of the (f θ , φ) points on the surface of the Bloch sphere. It is, therefore, reasonable to expect that the PDFs, P 1 r (f θ )df θ and P 2 r (φ)dφ, correspond to uniform distributions over the allowed ranges of values of f θ and φ. To verify this numerically, we consider QD and QWD as the chosen measures of quantum correlation. The corresponding P 1 r (f θ ), and P 2 r (φ) in the case of two-qubit mixed states having NPPT or having PPT for both QD and QWD are determined by generating 5 × 10 5 states Haar uniformly for each value of r = 2, 3, and 4. We find that in the case of QD as well as QWD, both P 1 r (f θ ), and P 2 r (φ) are uniform distributions over the entire ranges of corresponding parameters, f θ and φ, irrespective of the rank of the state as well as whether the state is NPPT or PPT. Note here that for two-qubit mixed states of rank-2, almost all states are NPPT while the PPT states form a set of measure zero [32] , which can also be verified numerically. However, in the case of r = 3 and 4, non-zero volumes of PPT states are found. In C 2 ⊗ C 2 systems, all NPPT states are entangled while PPT states form the set of separable states [34] .
The fact that all the rank-1 projection measurements are equally probable makes the qualitative features of Q c depend only on the geometrical structure of the earmarked set, S E , and not on the actual location of the elements of the set on the Bloch sphere. In the following, we consider four distinct choices of the set S E for both QD and QWD in the case of two-qubit mixed states with ranks r = 2, 3, 4, and discuss the corresponding scaling of the average VE. We start by constructing the earmarked set with projection measurements such that the corresponding (f θ , φ) lies on the circle of intersection of a fixed plane with the Bloch sphere. Let us assume that the corresponding VE resulting from the restricted optimization of Q, for an arbitrary two-qubit mixed state of rank r is given by ε r n , n being the size of S E , and where the corresponding n points on the circle are symmetrically placed. Let us also assume that the CQC calculated by constrained optimization over the set S E with n → ∞ is given by Q ′ c and the corresponding VE, called the "asymptotic error", is ε
To investigate how fast ε r n reaches ε r ∞ on average with increasing n, one must look into the variation of ε r n − ε r ∞ against n for different values of r. Here, ε r n is the average value of the VE, ε r n , and is given by
with P r n (ε r n )dε r n being the probability that for an arbitrary two-qubit mixed state with rank r, the VE lies between ε r n and ε in the limit n → ∞, where
We consider two different ways in which the plane is chosen. (a) We fix a value of f θ = f ′ θ such that the corresponding states on the Bloch sphere are given by |ξ = cos
, where φ acts as the spanning parameter. (b) In the second option, we fix the value of φ = φ ′ while vary f θ with the corresponding states |ξ . We consider both the scenarios, and investigate the scaling of the corresponding average VEs for both QD and QWD for arbitrary two-qubit mixed states of different ranks.
(a) Fixed value of f θ : Unless otherwise stated, here and throughout this paper, we shall fix a plane by assigning a value to f θ . For the purpose of demonstration, we choose f θ = 0, fixing the (x, y) plane defined by the eigenbasis of the Pauli matrices σ x and σ y , where an arbitrary projection basis can be written as |ξ =
). The earmarked set of size n on the perimeter of the circle of intersection of the (x, y) plane and the Bloch sphere can be generated by a set of n projectors of the form U |k k|U † , |k = |0 , |1 , obtained by using a fixed f θ = 0, and n equispaced divisions of the entire range of φ. Here, the form of U is given in Eq. (6) . The situation is depicted in Fig.  1(a) . To determine the PDFs, P r n (ε r n ) and P r ∞ (ε r ∞ ), we Haar uniformly generate 5 × 10 5 random two-qubit mixed states of rank r = 2, 3, and 4 each. The corresponding average VE, ε r n , and average asymptotic VE, ε r ∞ , in the case of both QD and QWD are determined using Eqs. (8) and (9) respectively. For both the quantum correlation measures, the quantity ε r n − ε r ∞ is found to have a powerlaw decay with the size, n, of the earmarked set, on the log-log scale for all values of r. One can determine the functional dependence of ε r n over n as ε where the fitting constant, κ, and the scaling exponent, τ , are estimated from the numerical data. Fig. 2 shows the variations of ε r n −ε r ∞ with n for both QD and QWD in the case of rank-2 two-qubit states. The insets in Fig. 2 shows the corresponding variations of ε r n − ε r ∞ with increasing n in the log-log scale.
The variations of ε r n − ε r ∞ with n in the log-log scale using both QD and QWD with NPPT as well as PPT two-qubit mixed states of rank r = 3 and r = 4 are shown separately in Fig. 3 . The corresponding exponents and fitting parameters are quoted in Table I . Note that although the exponent, τ , in the case of QD and QWD has equal values up to the first decimal point for all the cases (for NPPT and PPT states with different ranks), the average asymptotic VE, ε r ∞ , is larger in the case of QWD in comparison to that for QD. This is reflected in the fact that the graph for QWD is above the graph for QD, as shown in Fig. 2 and 3 . Note also that ε r n is less in the case of PPT states than the NPPT states, when two-qubit states of a fixed rank are considered.
Note that in the above example, we have fixed the plane by fixing f θ = 0, which corresponds to a great circle on the Bloch sphere. One can also fix a great circle on the Bloch sphere by fixing any value of φ in its allowed range of values. Earmarked sets defined over any such great circle on the Bloch sphere have similar scaling properties of the average VE as long as the points corresponding to the projection measurements belonging to the set S E are distributed uniformly over the circle. However, for different distribution, one can obtain different scaling exponents and fitting parameters. We shall shortly discuss one such example.
For f θ = 0, smaller circles over the Bloch spheres are obtained. One can also investigate the scaling behaviour of the average VE in the case of earmarked sets having elements corresponding to points distributed over these smaller circles by using φ as the spanning parameter. However, different values for the scaling exponents and fitting parameters are obtained as |f θ | → 1.
(b) Fixed value of φ: Next, we consider the scenario where the distribution of the (f θ , φ) points corresponding to the projection measurements constituting the set S E on the circle of our choice is different (i.e., non-uniform) than the previous example. This may happen due to restrictions imposed by apparatus during experiment, or other relevant physical constraints. As before, we choose the plane by fixing φ = 0, thereby confining the earmarked set on the great circle representing the intersection of the (x, z) plane defined by the eigenbases of σ x and σ z , and the Bloch sphere. However, to demonstrate the effect of such non-uniformity over the scaling parameters, we consider the (f θ , φ) points corresponding to the n elements in S E by n equal divisions of the entire range of f θ . Note that the current choice of f θ as the spanning parameter leads to a different (non-uniform) distribution of the points corresponding to the projection measurements in S E on the chosen circle.
Similar to the previous case of f θ = 0, one can also study the scaling of average VE by defining ε Table I. and average asymptotic error. In the case of two-qubit mixed states of rank-2, the appropriate parameter values for QD are found to be κ = 1.30 × 10 −1 ± 1.08 × 10 −3 , τ = 1.47 ± 2.7 × 10 −3 , with ε r=2 ∞ = 1.21 × 10 −1 . In the case of states with r = 3 and 4, the values of κ, τ , and ε r ∞ in the case of QD are tabulated in Table II . Note that the scaling exponents are different from those found in case of a fixed f θ . However, the fact that the average asymptotic VE is less in the case of PPT states compared to that of NPPT states remains unchanged even in the present scenario.
One can carry out similar investigation taking QWD as the chosen measure of quantum correlation. As in the previous case where f θ = 0, here also the exponent in the case of QWD is found to be same with that for QD up to the first decimal place, although the average asymptotic error is higher. We now consider the situation where the projection measurements in the earmarked set are such that the corresponding (f θ , φ) are not confined on the perimeter of a single fixed disc only, but are lying on the perimeters of a set of fixed discs ( Fig. 1(b) ). As discussed earlier, there are several ways in which a disc in the state space can be fixed. For the purpose of demonstration, we achieve this by fixing the value of f θ . The size, n, of the set S E , depends on two quantities: (i) the number, n 1 , of divisions of the allowed range of φ on any one of the discs, and (ii) the number, n 2 , of discs that are considered for constructing the earmarked set. Evidently, n = n 1 n 2 . Note that the value of n 1 is assumed to be constant for every disc, although one may consider, in principle, a varying number, n
We demonstrate the situation with an example where an arbitrary disc is fixed by f θ = f ′ θ , and a collection of additional discs positioned symmetrically with respect to the fixed disc is considered. The fact that the number n 2 includes the fixed disc itself implies that n 2 is always an odd number. In particular, the discs defining the set S E can be marked with different values of f θ , given by f j θ = f ′ θ ±jh, where 0 ≤ j ≤ (n 2 −1)/2, and h = 2/(n 2 −1). The set S E , in the present case, approaches the complete set of rank-1 projectors, S C , when both n 1 and n 2 tend to infinity. Similar to the previous case, one can study the variation of average VE with the increase in the size, n, of the set S E . However, unlike the previous case, in the situation where n → ∞ is consequent to (f θ , φ) corresponding to the earmarked set being distributed over the entire Bloch sphere, the average asymptotic error, ε r ∞ = 0 for all quantum correlation measures, since Q c → Q a in such cases.
Fixing n 1 to be a number for which the average VE calculated over an arbitrary disc in the set is considerably small, variation of the average VE, ε r n , with increasing n 2 , where n = n 1 n 2 , can be studied for QD and QWD. Here, the average is computed in a similar fashion as given in Eq. (8) . However, P r n (ε r n ), in the present case, is obtained by performing optimization of the corresponding quantum correlation measure using the current definition of S E . We fix f ′ θ = 0, and observe that in the case of QD, the average VE decreases linearly with increasing n 2 for all values of n 1 (See Fig. 4 ). This implies that for a fixed n 1 , the spanning of the surface of the Bloch sphere by the perimeters of the discs in the set starting from f θ = 0 occurs linearly with an increase in the value of n 2 . Fig. 4 depicts the variation of the average VE, ε r n , as a function of n 2 for n 1 = 10, where the linear nature of the variation is clearly shown. Similar results hold in the case of QWD also. Let us now consider the situation where the bases in S E are such that the corresponding (f θ , φ) are uniformly scattered over the entire surface of the Bloch sphere so that only n 1 and n 2 equal divisions of the entire range of f θ and φ, respectively, are allowed, leading to an earmarked set of size n = n 1 n 2 . Similar to the previous case, S E → S C , and ε r ∞ → 0 when both n 1 and n 2 approach infinity. The average error, ε r n , in the present case, is determined in a similar way as in Eq. (8) and n2 (n = n1n2) in the case of NPPT and PPT two-qubit mixed states of rank r = 2 and r = 4, where QD and QWD are considered as quantum correlation measures. The ranges of n1 and n2 marked by A are sufficient to obtain a considerably low value of ε r n (∼ 10 −3 ). The area of the region decreases in the case of PPT states compared to NPPT states in the case of states with a fixed rank r. Also, the region is bigger in the case of QWD compared to that in QD, implying a requirement of greater resource in the optimization of QWD. The corresponding ranges of n1 and n2 are tabulated in Table III minimum number of divisions, n 1 , and n 2 , required in order to converge on a sufficiently low value of ε r n (∼ 10 −3 ) in each case. The corresponding values of n 1 and n 2 are given in Table III . It is observed that with an increase in the rank of the state, the required size of the earmarked set, n, in order to converge on a sufficiently low value of average VE, reduces for both QD and QWD. This feature is clearly depicted in Fig. 5 with a reduction in the area of the region marked as A. Note also that the required size is smaller in the case of PPT states when compared to the NPPT states of same rank for a fixed quantum correlation measure.
Case 4: Triad
As the fourth scenario, we consider a very special earmarked set, called the "triad", where the set S E consists of only the projection measurements corresponding to the three Pauli operators. This is an extremely restricted earmarked set, and one must expect large average VE if Q c is calculated for an arbitrary two-qubit state of rank r by performing the optimization over the triad. However, in Sec. III B, we shall show that there exists a large class of two-qubit "exceptional" states for which the triad is equivalent to S C , with a vanishing VE.
Before concluding the discussion on general two-qubit mixed states with different ranks, r, we briefly report the statistics of the VE, ε r n , where the subscript n = 3 in the present case, denoting the size of the triad. We determine the probability, P It is noteworthy that the distributions are sharply peaked in the low-error regions, and for a fixed rank r, the probability of finding a PPT state with a very low value of ε r 3 is always higher than that for an NPPT state.
B. Two-qubit states in parameter space
A general two-qubit state, up to local unitary transformations [21] , can be written in terms of nine real parameters as
. (11) Here, c αα = σ α ⊗σ α are the "classical" correlators given by the diagonal elements of the correlation matrix (|c αα | ≤ 1), c The maximum rank of the two-qubit state given in Eq. (11) can be 4. The probability distribution P (f θ , φ), as defined in Eq. (7), is obtained by generating 5×10
5 states of the form ρ AB by choosing the diagonal correlators and magnetizations randomly from their allowed ranges. Here, we drop the subscript r for sake of simplicity. Fig. 7 (a) (for QD) and (c) (for QWD) show the profiles of P (f θ , φ) which have three distinctly high populations around the set of values
, and (iii) (f θ = 0, 0 ≤ φ ≤ π), which correspond to the eigenbasis of σ x , σ y , and σ z , respectively, on the Bloch sphere. Let us now consider small regions around those three high density peaks. They are conveniently marked with numbers [1] [2] [3] [4] [5] and (d), and are defined as
with ω = 0.3. In the case of QD, about 56.64% of the total number of sample states, given in Eq. 11, are optimized in the region marked in Fig. 7(b) , while the percentage is approximately 42.2% in the case of QWD (Fig. 7(d) ). Note that these are considerably high fractions, taking into account the fact that the area of the marked regions combined together is small compared to the entire area of the parameter space. We also consider the optimization of QD and QWD in the case of the two-qubit state given in Eq. (11) by confining the earmarked set to a collection of projection measurements corresponding to a uniformly distributed set of points on the entire surface of the Bloch sphere. As discussed in Sec. III A, we divide the ranges of the parameters φ and f θ by n 1 and n 2 equispaced intervals, and perform the minimization of QD and QWD over the set S E of size n = n 1 n 2 . We find that a significantly low value of average VE is achieved in the case of QD when n 1 ≥ 2 and n 2 ≥ 4. However, as observed in all the previous cases, the required size of the earmarked set, S E , to obtain an average VE of same order as in QD, is larger (n 1 ≥ 4, n 2 ≥ 8) when QWD is taken as the measure of quantum correlation, as clearly visible in Fig. 8 .
Special case: Mixed states with fixed magnetizations
We conclude the section by discussing a special case of the two-qubit state given in Eq. (11), where apart from the diagonal correlators, any one of the three magnetizations is non-zero while the other two magnetizations vanish. In particular, we consider a two-qubit state of the form
with β = x, y, or z. Here, m β i = tr(σ β i ρ i ) (β = x, y, z) is the magnetization with ρ i being the local density matrix of the qubit i (i = A, B). The two-qubit X-state [33] of the form
written in the computational basis {|00 , |11 , |01 , |10 } is a special case of ρ m with β = z. The matrix elements, {a i : i = 1, · · · , 4} and {b j : j = 1, 2}, are real and complex numbers, respectively, and can be considered as functions of the correlators c αα (α = x, y, z), and the magnetizations, m z A and m z B . For the purpose of demonstration, let us assume that the magnetization of ρ m is along the x direction. Generating a large number (5 × 10 5 ) of such states by randomly choosing the correlators and the magnetizations within their allowed ranges of values, and performing extensive numerical analysis, we find that for about 99.97% of the states, it is enough to perform the optimization over the triad (S E consists of the projection measurements corresponding to the three Pauli spin operators) to determine actual value of QD. This is due to the fact that these 99.97% of states are "exceptional", i.e., the VE, ε 3 = 0 for all these states when the optimization is performed over S E (as discussed in Sec. II C). Here, ε 3 is the VE where we drop the superscript r for simplicity. In the case of the remaining 0.03% of states, for which the optimal projection measurement does not belong to S E . The VE, resulting from the optimization performed over S E , is found to be ε 3 ≤ 2.9088 × 10 −3 . Similar result has been reported in [26] , although our numerical findings result in a different bound. As an example, we consider the The numerical results for the state ρ m depends strongly on the choice of quantum correlation measures. To demonstrate this, we compute QWD instead of QD for ρ m . Our numerical analysis suggests that irrespective of the direction of magnetization, for about 95.51% of the two-qubit states of the form ρ m , the QWD is optimized over the triad S E , resulting ε 3 = 0. These states constitute the set of exceptional states in the case of QWD. For the rest 4.49% of states, the assumption that Π A opt ∈ S E results in a VE, ε 3 = W c − W a ≤ 1.0076 × 10 −1 , where W c is the CQWD, and W a is the actual value of QWD. Note that the upper bound of the absolute error, in the case of the QWD, is much higher than that for QD of ρ m . In contrast to the case of the QD, it is observed that for a state ρ m with magnetization along, say, the x direction, within the set of exceptional states, the QWD for ≥ 53% of states -a larger percentage -is optimized for Π 
IV. RESTRICTED QUANTUM CORRELATIONS FOR BOUND ENTANGLED STATES
From the results discussed in the previous section, it comes as a common observation that the VE is less in the case of two-qubit PPT states when compared to the two-qubit NPPT states of fixed rank for a fixed measure of quantum correlation. A natural question arising out of the previous discussions is whether the result of low VE in the case of PPT states, which until now were all separable states, holds even when the state is entangled. Since PPT states, if entangled, are always BE, to answer this question, one has to look beyond C 2 ⊗ C 2 systems and consider quantum states in higher dimensions where PPT bound entangled states exist. However, generating BE states in higher dimension is itself a non-trivial problem. Instead, we focus on a number of paradigmatic BE states in C 2 ⊗ C 4 and C 3 ⊗ C 3 systems and investigate the properties of the VE in a case-by-case basis.
It is also observed, from the results reported in the previous section, that the choice of the triad as the earmarked set yields good result in the context of low VE in the case of a large fraction of two-qubit states in the parameter space. Motivated by this observation, in the following calculations, we choose the triad constituted of projection measurements corresponding to the three spin-operators, {S x , S y , S z }, in the respective physical system denoted by C d , as the earmarked set, S E . Here, S β , β = x, y, z, are the spin operators for a spind−1 2 particle (a system of di-mension d). From now on, in the case of the triad as the earmarked set, we discard the subscript '3', and denote the VE by ε for sake of simplicity. If the dimension is 2, the earmarked set is given by the triad constituted of the projection measurements corresponding to three Pauli matrices.
The first PPT BE state that we consider is in a C 2 ⊗ C 4 system, and is given by [14] 
with
and 0 ≤ b ≤ 1. The state is BE for all allowed values of b. We calculate QD and QWD of the state by performing measurement on the qubit. In Fig. 9(a) , we plot the CQD, D c , and the actual QD, D a , as functions of the state parameter, b. At b = 0.15, QD shows a sudden change in its variation. The inset of Fig. 9(a) shows the variation of the relative error, ε, with b, exhibiting a discontinuous jump from zero to a non-zero value at b = 0.15. Note that for b < 0.15, ε = 0, indicating Π A opt ∈ S E , which, in this case, corresponds to σ z . For b ≥ 0.15, the maximum value of ǫ, although non-zero, is of the order of 10 −3 , and monotonically decreases to zero at b = 1. Therefore, a restriction of the minimization of QD over the triad, in this region, is advantageous. For b ≥ 0.15, we observe that minimization in obtaining the value of D c is achieved from the projection measurement corresponding to σ x .
The variations of QWD and CQWD, as functions of b, are depicted in Fig. 9(b) with the inset demonstrating the corresponding variations of ε. Similar to the case of QD, the optimal measurement observable is σ z for b < 0.22, and σ x for b ≥ 0.22. However, the point at which the sudden change takes place (b = 0.22) is different from that for QD (b = 0.15) . Note that the behaviors of both constrained as well as actual QWD as functions of b are similar to the behaviors of the respective varieties of QD, and the VE, in both cases, also show similar variations. The maximum value of ε, in the case of QWD, is also of the order of 10 As an example of a BE state in a C 3 ⊗ C 3 systems, we first consider the following state [14] : where 0 ≤ a ≤ 1, and the functions f ′ a = f b=a and g ′ a = g b=a , with f b and g b given by Eq. (16) . Note that similar to the state, given in Eq. (15), the state is BE for the entire range of a. However, unlike the C 2 ⊗ C 4 state discussed in Sec. IV A, the local measurement must be performed on a subsystem. We consider the set {|0 , |1 , |2 } as the computational basis for each subsystem of dimension d = 3. The triad, in this case, consists of the measurements corresponding to the observables S x , S y , and S z , where S β , β = x, y, z, are the spin operators for a spin-1 particle. Fig. 10(a) demonstrates the variations of QD and CQD as functions of a for the entire range [0, 1] . Note that the VE (shown in the inset) is non-zero for the entire range of a, attaining its maximum at a = 0.23. The optimization of D c , is obtained for the measurement corresponding to the observable S z when a < 0.23, while for a ≥ 0.23, the optimal measurement observable is S x . Similar results are obtained in the case of QWD and CQWD ( Fig. 10(b) ) where the maximum VE occurs at a = 0.32. In both the cases (QD and QWD), the maximum VE is of the order of ∼ 10 −1 , which is much higher compared to the same in previous examples.
An interesting observation comes from swapping the subsystem over which the local measurement is performed since the state ρ a is asymmetric over an exchange of the subsystems A and B. If one optimizes QD of ρ a over a complete set of local measurements performed on the party B instead of A, it is observed that the VE reduces drastically in comparison to the same obtained when measurement is performed over the party A. The variation of the corresponding D c and D a along with VE against the state parameter a is given in Fig. 11 . The VE attains a non-zero value (from the zero value) at a = 0.6, while a sudden change in the variation profile is observed at a = 0.665. This change is due to a transition of the optimal measurement observable from S y to S x at a = 0.665. Note that the maximum value of VE in the region a ≥ 0.6 is ∼ 10 −2 , in contrast to the previous case.
Case 2
Let us take another example of a PPT BE state in C 3 ⊗ C 3 , given by [16] :
where ̺ + = (|01 01| + |12 12| + |20 20|)/3, ̺ − = (|10 10| + |21 21| + |02 02|)/3, |ψ = 1 √ 3 2 i=0 |ii , and 0 ≤ α ≤ 5. The state is separable for 2 ≤ α ≤ 3, BE for 3 < α ≤ 4 and 1 < α ≤ 2, while distillable for 4 < α ≤ 5 and 0 < α ≤ 1 [16] . Fig. 12(a) depicts the variation of QD and CQD as functions of the state parameter α over its entire range. Note that the QD as well as the CQD remains constant over the range of α in which entanglement is distillable, whereas both of them attains a minimum at α = 2.5 in the separable region. In the BE region, 1 < α ≤ 2, the value of QD as well as CQD remains constant up to α = 1.36, and then decreases for increasing α in the region 1.36 ≤ α ≤ 2. Besides, in the BE region, 3 < α ≤ 4, the value of QD as well as CQD increases with increasing α up to α = 3.64, and then becomes constant. The corresponding ε is plotted against α in Fig. 12(b) . Note that the maximum VE is committed in the separable region (of the order of ∼ 10 −2 ), whereas it is smaller (of the order of ∼ 10 −3 ) in the BE region. Clearly, the maximum VE is relatively higher in the present case in comparison to the C 2 ⊗ C 4 BE state, ρ b (Eq. (15)), but considerably lower when compared to the C 3 ⊗ C 3 BE state, ρ a (Eq. (17)). When QD is constant, the optimal measurement observable is S z while it changes to either S x or S y when value of QD increases or decreases. Note that in the latter case, choice of S x or S y as the optimal measurement observable are equivalent in the context of optimizing QD. We conclude the discussion on the state ̺ α by pointing out that the QWD of the state coincides with the QD since ̺ α has maximally mixed marginals, i.e., the local density operator of each of the parties is proportional to identity in C 3 [9] .
V. CONCLUDING REMARKS
To summarize, we have addressed the question whether the computational complexity of information theoretic measures of quantum correlations such as quantum discord and quantum work deficit can be reduced by performing the optimization involved over a constrained subset of local projectors instead of the complete set. We have considered four plausible constructions of such a restricted set, and shown that the average absolute error, in the case of two-qubit mixed states with different ranks, dies down fast with the increase in the size of the set. Quantitative investigation of the reduction of error with the increase in the size of the restricted set has been performed with a comparative study between quantum discord and quantum work deficit, and the corresponding scaling exponents have been estimated. We have also considered a general two-qubit state up to local unitary transformation, and have shown that the computation of measures like quantum discord and quantum work deficit can be made considerably easier by carefully choosing the restricted set of projectors. We have also pointed out that insight about constructing the constrained set can be gathered from the probability distribution of the optimizing parameters. If a very special restricted set consisting of the projection measurements corresponding to only the three Pauli matrices is considered, we have demonstrated that the state space of a two-qubit system contains a large fraction of states for which exact minimizations of quantum discord and quantum work deficit are obtained only on this set, resulting vanishing error. Moreover, we have found that the absolute error in the value of quantum correlation calculated using the constrained set in the case of two-qubit PPT as well as PPT BE states is low compared to the NPPT states. The investigations show that these measures can be obtained with high accuracy even when restrictions in the optimizations involved in their definitions are employed, thereby reducing the computational difficulties in their evaluation. Although we have investigated only information theoretic measures, this study gives rise to a possibility to overcome challenges in the computation of other quantum correlation measures that involve optimization over some set.
